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We study possible smooth deformations of the generalized free conformal field theory in arbitrary
dimensions by exploiting the singularity structure of the conformal blocks dictated by the null states.
We derive in this way, at the first nontrivial order in the ϵ expansion, the anomalous dimensions of an
infinite class of scalar local operators, without using the equations of motion. In the cases where other
computational methods apply, the results agree.
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Introduction.—The remarkable success of the numerical
conformal bootstrap [1–4] calls for an analytical explan-
ation of the unreasonable effectiveness of the conformal
field theory (CFT). It is therefore pertinent to ask whether
CFT techniques can reproduce, and eventually surpass in
accuracy, the perturbative results for critical indices
that have been accumulated over the years for a variety
of fixed point theories in different dimensions. This
question has been recently asked by Ref. [5] in the context
of the ϕ4 theory in d ¼ 4 − ϵ dimensions. It was shown
there that the critical exponents can be reproduced under
the following three assumptions. (I) The perturbative
Wilson-Fisher (WF) fixed point is described by a CFT.
(II) In the ϵ → 0 limit correlation, functions approach
those of the free theory. (III) The equations of motion
describe the transformation of a primary operator in the
free theory into a descendant at the WF fixed point. Such
an approach has been generalized more recently in
Refs. [6–8]; see also [9,10].
Motivated by the same questions, we aim to extend the
above ideas to the vast class of generalized free CFTs
(GFCFTs) in arbitrary dimensions in order to study their
nearby WF fixed points. We show that requiring (II) above
makes assumption (III) redundant, since the transformation
of free primary operators into descendants of the interacting
theory is already dictated by the analytic structure of the
null states of the GFCFTs. Then, without the use of
equations of motion, we calculate the leading-order critical
quantities in a variety of models in diverse dimensions d.
For the known cases, our results agree with previous
calculations.
The four-point function of arbitrary scalar operators in a
generic d-dimensional CFT can be parametrized as
hO1ðx1ÞO2ðx2ÞO3ðx3ÞO4ðx4Þi
¼ gðu; vÞjx12jΔþ12 jx34jΔþ34
jx24j
jx14j

Δ−
12
jx14j
jx13j

Δ−
34
; ð1Þ
where Δij ¼ Δi  Δj and Δi is the scaling dimension of
Oi, while u ¼ ðx212x234=x213x224Þ and v ¼ ðx214x223=x213x224Þ are
the cross ratios. This corresponds to inserting the conformal
operator product expansion (OPE) in the direct channel, in
which case the function gðu; vÞ can be expanded in terms
of conformal blocks Ga;bΔ;lðu; vÞ, i.e., eigenfunctions of the
quadratic Casimir operator of SOðdþ 1; 1Þ:
gðu; vÞ ¼
X
Δ;l
cΔ;lG
a;b
Δ;lðu; vÞ: ð2Þ
Here a ¼ −Δ−12=2 and b ¼ Δ−34=2, and Δ and l are the
scaling dimensions and the spin of the primary operators
that are exchanged. When Δ takes some particular values,
the generic conformal blocks are singular. It has been
shown in Ref. [3] that the singularities are poles and they
are associated to null states as
Ga;bΔ;l ¼ Fa;bΔ;l þ
X
k
Ra;bk
Ga;bΔ0k;l0k
Δ − Δk
; ð3Þ
where F is an entire function of Δ. The poles in (3) reflect
the contribution of a null state at ½Δk;lk; the form of the
residue tells us that if Ra;bk ≠ 0, such a null state has a
descendant at ½Δ0k;l0k. The explicit formulas for ½Δk;lk,
Ra;bk , and ½Δ0k;l0k can be found in Ref. [3]. Another,
equivalent, way to obtain them is to consider the following
expansion, valid for arbitrary a, b, d, and δ:
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uδ ¼
X∞
τ¼0
X∞
l¼0
ð−1Þlð2νÞl
τ!l!ðνÞlðνþ lþ 1Þτ
ca;bδ;τ;lG
a;b
2δþ2τþl;lðu; vÞ;
ð4Þ
where ðxÞy ¼ ½Γðxþ yÞ=ΓðxÞ is the Pochhammer symbol
and ν ¼ ðd=2Þ − 1. The coefficients above are given by
ca;bδ;τ;l ¼
Q
i¼a;bðiþ δÞlþτðiþ δ − νÞτ
ðΔ − 1ÞlðΔ − ν − τ − 1ÞτðΔ − 2ν − τ − l − 1Þτ
ð5Þ
with Δ ¼ 2δþ 2τ þ l. The three families of simple poles
of ca;bδ;τ;l correspond exactly to the null states of (3).
Requiring the cancellation of these poles in the rhs of (4)
yields the explicit form of the residues of (3) [11] which
precisely produce all the results of Ref. [3]. In the
following, we need only the dimensions and the residues
of those scalar null states having a scalar descendant. Their
scaling dimensions Δk and those of the scalar descendants
Δ0k are labeled by an integer k:
Δk ¼
d
2
− k; Δ0k ¼
d
2
þ k; k ¼ 1; 2;…; ð6Þ
and the corresponding residue is given by
Ra;bk ¼ −
ð−1ÞkkQc¼a;bðd4 − k2 − cÞk
ðk!Þ2ðd
2
− k − 1Þ2k
: ð7Þ
Notice thatΔk þ Δ0k ¼ d, which means the above operators
are shadows of each other.
We want to apply such universal properties of the
conformal blocks to the study of smooth deformations
of GFCFTs. Scalar GFCFTs are constructed by a single
elementary scalar field ϕf with dimension Δϕf . Its two-
point function is given by hϕfðx1Þϕfðx2Þi ¼ 1=x
2Δϕf
12 , and
the three-point function of ϕf vanishes. All other correla-
tion functions, either of ϕf or of its composites, are given
by Wick contractions. We are particularly interested in the
cases in which Δϕf ¼ ðd=2Þ − k. They correspond to
GFCFTs that have a Lagrangian description as massless
free theories with a ∂2k kinetic term that can be coupled to
the stress energy tensor [12–15]. The k ¼ 1 case corre-
sponds to the free canonical theories. Some GFCFTs with
k > 1 play an important role in the study of 1=N expan-
sions in Gross-Neveu and OðNÞ vector models in high
dimensions [12–14]. Applying the Wick contractions to the
product ϕpf ðxÞϕpþ1f ðyÞ generates the OPE [see Eq. (11)]
½ϕpf  × ½ϕpþ1f  ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pþ 1
p
½ϕf þ    : ð8Þ
Throughout the Letter, we normalize the operator as
½ϕpf  ¼ ϕpf=
ﬃﬃﬃﬃﬃ
p!
p
such that the two-point function takes
the following simple form:
h½ϕpf ðx1Þ½ϕpf ðx2Þi ¼
1
ðx212Þ
Δϕp
f
; ð9Þ
where Δϕpf , the dimension of the composite operator ½ϕ
p
f ,
is simply pΔϕf for a free theory. Since Δϕf ¼ ðd=2Þ − k,
there is a possible contribution of the null state (6);
however, according to (7), the residue Ra;bk is zero. We
will deform this free theory by replacing ϕpf → ϕ
p with
Δϕp ¼ Δϕpf þ γp ¼ Δϕpf þ γ
ð1Þ
p ϵþ γð2Þp ϵ2 þ    : ð10Þ
We also deform the relevant OPE coefficients such that
they have a smooth ϵ → 0 limit to their corresponding free
values. As a consequence, now Ra;bk ∝ ϵ2 ≠ 0, and in the
conformal block Ga;bΔϕ;0 a new subrepresentation associated
to a descendant of dimensionΔ0k ¼ ðd=2Þ þ k appears. If in
the free-field theory OPE there is a primary operator of
dimension Δ0k, we say that the theory is smoothly deform-
able. In the interacting theory, such an operator is promoted
to a descendant of the null state. The matching of Ra;bk with
the OPE coefficient of the free theory yields an equation for
the anomalous dimensions of the involved operators. The
systematic study of these equations allows us to find the
first nontrivial anomalous dimensions of ϕp for a huge class
of GFCFTs, in arbitrary dimensions. Our results include
the known cases of Wilson-Fisher points near canonical
free-field theories. Equations (18), (19), and (23)–(27)
show our main findings.
The generalized Wilson-Fisher critical points.—Our
general strategy to find smooth deformations of GFCFTs
consists in constructing a suitable four-point function of a
generalized free theory at arbitrary space dimension d and
switching on an interaction by simply replacing d → d − ϵ
and Δϕpf → Δϕp according to (10). As discussed in the
previous section, this procedure defines actually a smooth
deformation of the nearby free OPE only if it does not
generate new primary operators in the limit ϵ → 0. In this
way, we are essentially studying generalized Wilson-Fisher
critical points. Given that we start with arbitrary Δ and d,
we have a huge theory space to explore. In the following,
we will discuss just a few nontrivial examples that include
most of the known results obtained for the Wilson-Fisher
critical points by other methods but also yield some new
results.
The ϕ2n critical points.—Consider the generic free OPE
½ϕpf  × ½ϕpþ1f  ¼
Xpþ1
n¼1
λp;p;2n−1½ϕ2n−1f  þ spinning blocks;
ð11Þ
with the OPE coefficients being
λp;p;2n−1 ¼ B2n−1;n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pþ 1
ð2n − 1Þ!
s
ðp − nþ 2Þn−1; ð12Þ
PRL 118, 061601 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
10 FEBRUARY 2017
061601-2
where Bn;m is the binomial coefficient. For Δϕf ¼ d=2 − k;
k ¼ 1; 2; 3;…, inserting (11) into the direct channel of
the four-point function hϕpϕpþ1ϕpϕpþ1i, one obtains an
expansion in terms, among others, of scalar conformal
blocks of the type G
−af;af
Δϕ2n−1
f
ðu; vÞ with af ¼ Δϕf=2. When
we smoothly deform the theory, each OPE coefficient
should be modified with a term which vanishes in the
limit of ϵ → 0. Most importantly, the operator ϕ2n−1
becomes a descendant, which should be removed from
the OPE. As we discussed in the previous section, the
conformal block in the interacting theory G−a;aΔϕ has a sin-
gularity with a residue proportional to the conformal block
G−a;aðd=2Þþk which is precisely the missing conformal block
of the operator ϕ2n−1 in the free theory in the limit ϵ → 0.
For the interacting theory, we have a ¼ af þ γpþ1 − γp and
Δϕ ¼ Δϕf þ γ1, with γn being the anomalous dimensions
of ϕn as defined in (10). Matching the operator dimensions
requires d ¼ 2nk=ðn − 1Þ. Using then the explicit result for
the residue in (7), the matching condition gives
λ2p;p;1
R−a;ak
Δϕ − Δϕf
¼ λ2p;p;2n−1: ð13Þ
Using the explicit form of R−a;ak in (7) and performing the ϵ
expansion yields
ðpþ 1Þ ð−1Þ
kþ1ðd
2
− kÞk
4kðd
2
Þk
ðγð1Þpþ1 − γð1Þp Þ2ϵ2 þ   
γð1Þ1 ϵþ γð2Þ1 ϵ2 þ   
¼ λ2p;p;2n−1:
ð14Þ
Since the rhs is finite, this immediately implies γð1Þ1 ¼ 0.
The above matching equation then leads to the following
recursion relation:
γð1Þpþ1 − γ
ð1Þ
p ¼ κðk; nÞðp − nþ 2Þn−1; ð15Þ
with
κ2ðk; nÞ ¼ ð−1Þ
kþ14kB22n−1;nð nkn−1Þk
ð2n − 1Þ!ð kn−1Þk
γð2Þ1 ; ð16Þ
where we used d ¼ 2nk=ðn − 1Þ. The apparent sign ambi-
guity of κðk; nÞ will be solved in a moment. Using the fact
that γ0 ¼ 0, the recursion relation gives
γð1Þp ¼ κðk; nÞ
n
ðp − nþ 1Þn: ð17Þ
The crucial observation is that the operator ϕ2n−1 that
becomes a descendant of ϕ has a fixed dimension, namely,
d
2
þ k. From this fact, we deduce that its anomalous
dimension is γð1Þ2n−1 ¼ n − 1. Using this, we fix
κðk; nÞ ¼ nðn − 1Þ=ðnÞn, and plugging this back into (17)
yields
γð1Þp ¼ ðn − 1ÞðnÞn
ðp − nþ 1Þn; ð18Þ
which is interestingly independent of k. From (16), we then
obtain the anomalous dimension of ϕ at the order of ϵ2:
γð2Þ1 ¼ ð−1Þkþ12
nð kn−1Þk
kð nkn−1Þk
ðn − 1Þ2
ðn!Þ2
ð2nÞ!

3
: ð19Þ
A few comments are in order. In the case of k ¼ 1,
namely, for the canonical scalar, γð2Þ1 reduces to
2ðn − 1Þ2½ðn!Þ2=ð2nÞ!3, which is awell-knownmulticritical
result [16]: For n ¼ 2, it corresponds to the ϕ4 theory
in d ¼ 4 − ϵ, while n ¼ 3 to the ϕ6 theory in d ¼ 3 − ϵ.
More generally, when k > 1, it is a smooth deformation
of a scalar GFCFT with Δϕ ¼ ðd=2Þ − k ¼ ðk=n − 1Þ in
d ¼ ð2nk=n − 1Þ. For k > 1, we have assumed that we turn
on only one possible marginal deformation of the form ϕ2n;
in principle, one may have marginal interactions with
derivatives. Notice also that k > 1 allows us to study multi-
critical, but nonunitary, theories in integer dimensionsd > 6.
OðNÞ models.—Here we apply our method to theories
with global OðNÞ symmetry. We consider scalars ϕi,
i ¼ 1; 2;…; N, with Δϕi ¼ d=2−k in d ¼ 3k and d¼ 4k
as our examples. We denote
P
iϕiϕi ¼ ϕ2 and consider
the following free OPEs:
½ϕiðϕ2Þp−1 × ½ðϕ2Þp
¼
ﬃﬃﬃﬃﬃﬃ
2p
N
r 
½ϕi þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð6pþ N − 4Þ2
2ðN þ 2Þ
s
½ϕiϕ2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð10pþ 3N − 8Þ2ðp − 1Þ2
ðN þ 4ÞðN þ 2Þ
s
½ϕiðϕ2Þ2Þ þ    ;
½ðϕ2Þp × ½ϕiðϕ2Þp
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pþ N
N
r 
½ϕi þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18p2
N þ 2
s
½ϕiϕ2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p2ð10pþ N − 6Þ2
ðN þ 2ÞðN þ 4Þ
s
½ϕiðϕ2Þ2

þ    : ð20Þ
Again, when the interaction turns on, the operator ½ϕiϕ2
becomes a descendant at d ¼ 4k − ϵ, while ½ϕiðϕ2Þ2
becomes a descendant at d ¼ 3k − ϵ. For d ¼ 4k − ϵ the
matching condition is given by the following two relations:
ð−1Þkþ1ðkÞk
4kð2kÞk
ðγð1Þp−1;1 − γð1Þp;0Þ2
γð2Þ0;1
¼ ð6pþ N − 4Þ
2
2ðN þ 2Þ ;
ð−1Þkþ1ðkÞk
4kð2kÞk
ðγð1Þp;1 − γð1Þp;0Þ2
γð2Þ0;1
¼ 18p
2
N þ 2 : ð21Þ
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Here we denote the anomalous dimension of ðϕ2Þp as
γp;0 ¼ γð1Þp;0ϵþ γð2Þp;0ϵ2 þ   , and similarly for ϕiðϕ2Þp, we
have γp;1 ¼ γð1Þp;1ϵþ γð2Þp;1ϵ2 þ   . Removing γð1Þp;0 from (21),
we obtain a recursion relation of γð1Þp;1, whose solution is
given by [17]
γð1Þp;1 ¼ βðk; NÞpð6pþ N þ 2Þ; ð22Þ
with β2ðk; NÞ ¼ ð−1Þkþ1½2kð2kÞk=ðkÞkðN þ 2Þγð2Þ0;1. As
before, p ¼ 1 is a special case where ϕiϕ2 becomes a
descendant with a fixed conformal dimension d=2þ k; this
leads to γð1Þ1;1 ¼ 1. Thus, we have
γð2Þ0;1 ¼ ð−1Þkþ1
ðkÞk
2kð2kÞk
N þ 2
ðN þ 8Þ2 : ð23Þ
Plugging this result back into (22), we also obtain
γð1Þp;1 ¼
pð6pþ N þ 2Þ
N þ 8 ; γ
ð1Þ
p;0 ¼
pð6pþ N − 4Þ
N þ 8 : ð24Þ
A similar analysis for the theory in d ¼ 3k − ϵ gives
γð2Þ0;1 ¼ ð−1Þkþ1
ðk=2Þk
8kð3k=2Þk
ðN þ 2ÞðN þ 4Þ
ð3N þ 22Þ2 ; ð25Þ
as well as
γð1Þp;1 ¼
10pþ 3N þ 2
3ð22þ 3NÞ pð2p − 1Þ;
γð1Þp;0 ¼
2ð10pþ 3N − 8Þ
3ð22þ 3NÞ pðp − 1Þ: ð26Þ
The results of γð2Þ0;1 for k ¼ 1 agree with known results using
other methods [18,19]. By considering different correlators,
one can obtain anomalous dimensions for other operators
[11]. For instance, for the anomalous dimension γð1Þp;1;1 of the
symmetric traceless tensor ϕiϕjðϕ2Þp − ð1=NÞδijðϕ2Þpþ1,
we have
γð1Þp;1;1 ¼
2þ pð8þ N þ 6pÞ
N þ 8 ; d ¼ 4k − ϵ;
γð1Þp;1;1 ¼
2p½2þ 3pðN þ 4Þ þ 10p2
3ð3N þ 22Þ ; d ¼ 3k − ϵ: ð27Þ
Conclusion.—In this Letter, we applied general proper-
ties of CFTs, and, in particular, the singularity structure of
generic conformal blocks, to study the possible smooth
deformations of GFCFTs in arbitrary dimensions. Our non-
trivial results correspond to generalized Wilson-Fisher
critical points. The examples presented in this Letter
include general classes of multicritical points and OðNÞ
invariant theories. Our corresponding results for theories
with multiple deformations will appear in the longer
version of this work [11]. Combining the OPE structure
with universal properties of certain scalar null states, we
derived, at the first nontrivial order in the ϵ expansion, the
anomalous dimensions of an infinite class of scalar local
operators. In the particular cases where other computational
methods were applied, the results agree. Our method allows
us to put huge classes of critical theories under a unified
calculation scheme. We also remark that, unlike the usual
conformal bootstrap program, neither crossing symmetry
nor unitarity play crucial roles in our scheme. Therefore,
we believe that our method, properly extended, can be
useful to study nonunitary critical systems that are relevant
in physics. As a final remark, we observe that we have
considered even marginal deformations of the form ϕ2n.
When the deformation is odd, namely, ϕ2n−1, our method
appears to be less powerful. Furthermore, it is of great
interest to consider more general deformations (such as
turning on multiple marginal interactions) and more general
operators (such as operators with spins). More details
on these questions as well as on the calculations presented
in this Letter will appear in the longer version of our
work [11].
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